Question 2: The one about ceilings

Solution by: Monica Dinculescu
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Show that ™(v/3 4 v/7)2°007is divisible by 22°°°. Note: "z7is the smallest
integer > x.

Proof, Method 1: Let A= (\/§+ \ﬁ)QOOO.

(\/§+\ﬁ)2000 _ [(\/§+\ﬁ)2]1000
(7 + 3 4 21/21)1000
_ 21000(5 4 \/ﬁ>1000
(5+\/ﬁ)1000 — [(5+\/ﬁ)2]500
(25 + 2 - 5v/21 + 21)°%°
(46 + 2 - 5v/21)%%°

= 2509(23 4 51/21)°0°
= A = 200234 5,/21)%%
(23 +5v21)%° = [(23 + 5v/21)%)2°

= (23-23+5-5-2142-5-23v/21)%°

Notation blurb: by ...2, I mean an integer ending in 2, such as 952.

Note that 23 - 23 = ...9 = 1lmod4. Similarly, 5-5-21 = .5 = 1mod4
= 232345521 = ..14 = 2mod4 . Thus, at most one factor of 2 can be
factored out any such term

Therefore, (23 + 5v/21)°%0 can be written as:

(23 +5v21)°° = (2m + 2nv21)*°
9250 (1 4 1y/21)250
where m,n are integers, such that m = ...7 and n = ...5.

Let M = m + nv21, henceforth referred to as an M-term.



M? = (m+nVv21)?
= m?+21-n*+2-m-n-v21
= (.72 +21(.5)2+2- (.7)(..5)V21
9454 2(..5)V21
= 2(.7) 4 2(...5)V21

Note that this is exactly of the form m 4 nv/21. Thus, the square of an
M-term is also an M-term.
From the last calculation

A = 21500(23 4 5@)500
_ 21750(m + n\/ﬁ)zso
— 21750M1250
—  9l750 9125 -M2125
— 91875 M2124 M,
_  9l875 962, M362 M,
— 91937 931 Mfl - M,
—  9l968 Mfo M, - M,
— 91968 915 M515 M, - M,
= 293 MY M5 - My - M,
= 2" Mg - Mg - My - My - My
21998 M2 My - Mg - Ms - My - My
2'99% . (Mg - M7) - (M - Ms) - (My - My)
21994 . 23 . Mg . MlO . M11
91997 o | My - My,
91999 M

AT = 91999 pp .7 — 91999r 3
= 219997 7) 4 (..5)V217
= 21999[(.7) 4 (...5)"V217]
= 299[(.7) + (..5)(5)]
= 21999(2)

FAT = 22000(y) ,r>1

Regardless of what the value of x is, "A™ = 22009(z) is divisible by 22900,

Method 2 (originally proved by Pralash Panangaden): Claim: "(v/3 +
VP =(VT 432 (VT — V3N,



Proof: Let K(n) = (vV74+v/3)*"+ (v/7—+/3). One must show that (1) K(n)
is an integer and (2) K (n) is the correct ceiling.
(1) Applying the binomial theorem,

K(n) = (VT+V3)™ 4+ (V7 —-V3)™
— ( 2n k In—k 2n k 2n—k
= () a0 ) vV

k
k=0
If k is even, then 2n—Fk is even, and thus asK (n) = >, < 215 ) (7)k/2(3)n—k/2 4
( 2,:’ (7)*/2(3)"=*/2 which is obviously an integer. Similarly, if & is odd,

K = 572 (5 ) R () (REE = 0. Ths,

) =
K (n)is an integer.
(2) We want to prove that "(v/7 + /3)?"7 = K(n). Let a = (/7 + V3)?"
and § = (\[ \[)2" Then, we must prove that "o ' = a + 5.
Note that (v/7 — \/3) < 1, and thus 8 = (\ﬁ— \/3)2” <1

0< 16} <1
a< a+f <a+l
From (1), a+( is an integer. From the definition of "o (the smallest integer
> x), and since o« € R=>a + 1 € R, there is exactly one integer that satisfies

a <z <a+l, namely "a. Thus, s a'l=a+

Having shown that K (n) = (f+ V3)2n+ (\f V3)2 =T (VT +/3)7,

we must show that 227 K(n).
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(VT4VER () = (/T VIRV VB (VT4 VRV T Ve
(VT+V3)? - K(n) = (VT+V3)"2+16- (V7T —3)>?

Similarly,

(VT =+3)2 - K(n) =16 - (V7 + V3)¥" 2 4 (VT — V/3)2+2

Adding the two relations, we obtain,
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20-K(n) = 16-[(VT+V3)" 2+ (VT +V3)>" | + [(VT+ V3)*" % + (VT — V3)*" 7]
20-K(n) = 16-K(n—1)4+K(n+1) (%)
By induction, show that 22"| K (n):

1. Base Case: n = 1:
K(n+1) = (V7T+3)2"2 4 (V7T —/3)?"+t2= and 22 = 4| 20=-base case
holds. Also note that K(0) = 2, and that 2° = 1| 2.



2. Induction Step: Assume 27| K (n).
By (*), K(n+1) =20 K(n) —16- K(n—1) = 4[5 - K(n) — 4- K(n — 1)].
By the induction hypothesis, 22| K(n) and 22"2| K(n — 1).Thus,

Kn+1) = 2%5-k 22" +2% ky-22"77
K(n_|_1) = 5.k1.22n+2+k2.22n+2

=22"*2| K(n + 1).Thus, by induction, Vn, 2*"|K (n).



