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Vd € R, define the series: a,,(0) = 5%, am(j + 1) = an(§)? + 2a:,(j). Show
that 1im, eca,(n) = e? — 1.

Proof:

am(1) = an(0)? + 2a,,(0)
= am(0)? +2a,(0)+1—1
= [a(0)+12-1

am(2) = am(l) + 2a,,(1)
= [(am(0) +1)* = 1J* 4 2[a (0) + 1)* — 1]
= [am(0) + 1]* = 2[am(0) + 1]* + 1 + 2[a,, (0) + 1]* — 2
= [am(0)+1]*—1

Let p = a,,(0) + 1. Then,

am(3) = am(2)? 4 20, (2)

= (' -1)*+20" -1
pS—2pt 14+ 2pt -2
= p®—1

Claim: a,,(n) = p*" — 1.
Proof by induction:

1. Base case: k = 1. As shown above,
am(1) = [a(0) + 1] — 1 = p? — 1. Base case holds.

2. Induction Hypothesis: Assume a,,(k) = p2k —1.

am(k+1) = am(k)2+2am(k)
= ¥ -1 +2p” 71]
2k+1
= p — 2p? +1+2p "9
am(k+1) = P



=By induction, Vn, a,,(n) = p*" — 1.

Thus,
am(n) = p¥ —1
= [a(0)+1]*" -1
d on
. , d on
limp—ootn(n) = lzm"—"w[?n +1)° -1
d
- zz'mTHoo[E +1)F -1
= e?—1
Lemma: limg oo[2 + 1]% = e*
Proof:
Let f(x) = In(1 4+ ax).
It follows that
) B a
f (.73) - 1 4 CLI"
f10) = a
Since 2U+9)is continuous, then
In(1
llmx—»OM — f/(o) —
x
But
In(1 1
In{l + az) = —In(1+ ax) = In(1 + ax)'/*
x x
limg_oln(1 4+ ax)'/* = a
Mmzﬁoeln(lJraw)l/z — e
limg—o(1 4 ax)'/® = ¢°

Let m = L, then limy,—o(1 + 2)™ = ¢



